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ABSTRACT

An overview is given of multivariate, wide-sense, sta-
tionary, stochastic process, linear prediction theory with
emphasis on the mean square error of prediction based on
a finite past. Examples of several different types of proc-
esses are examined with specific formulas for the pre-
diction errors obtained in some cases. A discussion is
given concerning the effecton the prediction error of basing
the prediction on a subprocess of the given process instead
of on the entire original process.
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LINEAR PREDICTION ON A FINITE PAST
OF A MULTIVARIATE STATIONARY PROCESS

by
Ray G. Langebartel*
Goddard Space Flight Center

INTRODUCTION

Linear prediction theory for one-dimensional stationary stochastic processes ("'time series')
has been studied extensively (for the essential aspects see, e.g., Reference 1). Less attention has
been paid to multivariate processes but a body of theory is now at hand (References 2 to 5). Pre-
diction on a finite past in a multivariate process with discrete parameters is not dwelt on in these
works, however. In the present paper this aspect of the theory is considered with special emphasis
on the mean square error of prediction. In certain quite special multivariate processes fairly
explicit results are obtained, but the problem for more general processes is difficult.

BASIC CONCEPTS

LetX_, where m = 0, =1, and £2, --- , represent a multivariate discrete stochastic process of
dimensionM:

a column matrix of M rows. The x* may be complex numbers, in which case we designate the con-
jugate of x* by H and the conjugate of the matrix X_ by X, the matrix of the conjugates. The
transpose of a matrix will be designated by T in this manner: X' . The expected value of a multi-
variate process is taken as the matrix of the expected values of the elements:

E{x!}
ef,} = [l
E{x ¥}

*GSFC consultant from the University of Illinois.



The covariance matrix (or correlation matrix)E{X X7} is defined accordingly:

f_ —_— — ——
1 1} { 1 2} { 1 M}
E{xm X Ei{x, x; Ex, x
— 271 {2 2} {2 M}
MZTI} . . e { M M}
MFT{X"‘ X, Eix, x,
[ 11 12 M
m,n 1-m,n rrnn
21 22 2M
= rmn rm,n rmn
M1 h‘dZ MM
__rmn rm.n rmn

In the event that each of the elements of this matrix, i.e., the various covariances of the x * proc-

esses, depends on m and n only through their difference the multivariate process is called sfa-
tionary in the wide sense (or weakly stationary) and we write

E{xm an} = R(m—n) = Rm-—n )
It is a straightforward computation to show that the covariance matrix of a wide-sense stationary

multivariate process satisfies the relation

T =
R("‘) R("m) ’ (1)

It is often the case in practice that the elements of the fmatrices X_ and R, are of different
magnitudes and it is desirable to scale them to some norm. The elements of X_ can be scaled by
premultiplying X by a diagonal constant matrix A,

k1 0 0 0
. - o k, 0 0
0 ky--- 0|
0 0 0 Ky,
to give
1
k1 X,
. k, x2
X, = A, = .
kMxn




s -

For the scaled covariance matrix R, we then have

(Axn)T} = E{Axm+n an—A——} = AE{xm-m X—nT.}KT

!

AR

It is customary to choose the elements of A so that the elements of R, down the main diagonal are
all equal to unity. In the case of real matrices this means that A is

“{_ 0 o . o |
0 }/§102_2 0 0
0 0 ,/Elo_ﬁo

K é ;::-@_

where R/ = E{x} xJ}, the elements of R,. For M = 2 the scaled covariance matrix is, when written
out,
lel Rm12 E{xml+n xnl} E{xml‘*-n xn2}
11 22 R ! 11 R 22
) Ry YRS R{ o YRM R,
R = =
m
Rm21 Rn122 E{xm2+n xnl} E{xm2+n xn2}

e ——— 22 22
{Rou R2? R, ]/Rou R R,

One way to investigate the nature of aprocessis to treat its Fourier representation. The wide-

sense stationary process X_ has the spectral distribution ﬁmctz'o;; (square matrix) F(A) represent-
ing the covariance matrix,

1/2

ﬁ(m) = J‘ e271i)\.m dF()\) , (2)

-1/2

with a corresponding representation of the process itself,

1/2
X, = J e?ih dqy(n) , (3)



where Y()\) is a column matrix (Reference 1, p. 596; Reference 6, p. 45). There must, of course,
be some relation between F(A) and Y(A) for these representations to hold. In terms of the spectral
density function F’ (\), this relation is

E{Qy(\)dY ()T} = F' (A) S(A-u) dhdu (4)

where §(\) is the Dirac delta function. The Y(M\) process is spoken of as having "orthogonal in-
crements.”" The reason for the form of Equation 4 is indicated by the following heuristic calculation

1/2 /2
E J eZ'rri(mi-n)}\ dY()\) e—2nin;L dY(;L)T

1/2 -1/2

1/2 1/2
= E J. J e27ri(m+n )}\—2-m'n# dY(}\) dY(/J—)T
-1/2 Y-1/2

r1/2 1/2
= J eZWi(m+n)}\—2-ninp, E{dY()\) dY(/uL)T}
-1/2

(t

R,, = E{X

(m) —)?}

'm+n

(1/2 172
= J‘ e2‘77i(m+n)>\—277inp FI (}\) 5(}\ _#) d)\d,U,
vY-1/2 Y-1/2

1/2 1/2
f eZmimA R (\ydn = J e?'imA gF(Ny
~1/2 ~-1/2

which is independent of n and thereby confirms wide-sense stationarity. In a particular example
F(») may well have jumps so that F' (A) would not exist in the classical sense (although it would in
the Schwartz distribution theory sense) and this is the reason that in much of the literature these
Fourier representations are presented in the Stieltjes form.

If the process is real the representations of Equations 2 and 3 can be put in a real form. Let

dy = dy, +idy,, so that

2
X, - J [(cos 2mn) ¥, - (sin2md) dY, ] + i[(cos 2mm\) dY, + (sin 2mmh) a, | .
-1/2

This is evidently real if dY, is an odd function of A and dy, is even (i.e., if Y,'(\) is even and Y,'(})
is odd), in which case the real part of the integrand is an even function of A and only the half




interval (0, 1/2) is required:

X, = 2 jm [(cos 2mA) dY, - (sin 2mmr)dY, ] .
0
Let
2dy, = du
and
- 2dy, = dv

and, by substitution, obtain the representation for real values of X

m

1/2
X = J (cos 2mA) dU(A) + (sin 2mmh) dV(A) . (5)
0

A corresponding treatment on Equations 2 and 4 leads to the companion formulas

1/2
R(m) = J; (cos 2mhm) dG(A) , (6)
E{duryaul,} = E{dvnyavi} o= 6T (M) S -y dide
(1)
E{ducvydvT,} = Efdvooydul} = oo

It is natural to introduce orthogonality terminology in view of the relations satisfied by dy, du,
and dv, In particular, we say that X and Y (column matrices with random variables as elements)
are orthogonal if

E{xyT} = o. (8)

Furthermore, X and Y are orthonoymal if in addition to Equation 8 they satisfy

e{xx*} = E{wT} = 1 ©)
N
where I is the identity matrix. An expression of the form ) A X, where X,, X,, *-- X, are
n=1
multivariates of dimension M and A, --- Ay, areMx M matrices of constants is called a linear



combination of the X, . The collection of all linear combinations of X, --- X, forms the linear
manifold generated by X, --- Xy . The orthogonal projection of Y on a linear manifold is Y, if v,
belongs to the manifold and Y -Y, is orthogonal to every element of the manifold.

LINEAR PREDICTION

Suppose in a wide-sense, stationary, multivariate, stochastic process X we wish to predict
Xy+; 8iven the values of X, X, X,, - Xy, and that this predicted Xy,, can be represented as a
linear combination of X, --- X,. One method of attack is to introduce E,, , which is to be the unit
normal of the manifold spanned by X,, - X,, and to represent it as a linear combination of
X © Xys Xyag

02 "7 Ay

N+1

Then

N+1

and

( Nt1
_ — =T - 2 =T
I = E{‘:"N+1 :l:lr+l - Ei B, X, By,

N+1

- =T
- ; Br E{Xr :'N+1

r=0

BN+1 E{XN+1 ENT+1

N+1

E BT
Byet Rysr-r Bo -

r=0



These two results can be combined to give the matrix equation for c_ = BT B, +1» Provided By, is
nonsingular,

N+1

R_.C, = 8 1, for 05sSN+1, (10)

where §_ _is the Kronecker delta. But

N

= - - 1 =1 =
Xy+1 BN+1 =N z Byi1 B: X, By Byeg T ¥

r=0

i

so if we use ¥ as the predicted value for X, , then the mean square error is

E{(XN+1 - ‘P) (xN+1 - W)T} - E{ o1 Bt (BN_+11 +1)T}

= E{syl B BT

N+1 +1 7 N+1

N+1 E{:'N+1 '—'N+1} BN+1

1 p-1T
BN+1 BN"f'l
= C -1

N+1 °

The best predicted value in the mean-square sense for Xy.; 18 Y. This may be seen intuitively
on geometric grounds by observing that ¥ belongs to the manifold spanned by X, -+ X, and
Xne; ~ ¥ T By} Eys, 18 perpendicular to the manifold, so thatV¥ is the orthogonal projection of X,
on the manifold. Thus, ¥ is the closest vector in the manifold to Xg,,

This line of reasoning has its counterpart in the following development. Let ® be any vector
in the manifold. Then

1-:{(xN+1 - 8) (Xyoy - @)T} = E{[(xN+l -w) + (¥ -0 (X, ~¥) * (- @)]}

E{(%ys - %) (e }E{ xo ~¥) (Y- 0) }+E{<W @)ﬁ%fl(@—m@ﬂ

E{(xN+l ~¥) (Xyey T)T}+ E{(¥-0)¥-e)T}-



If these various nonzero expectation matrices are nonsingular then they are Hermitian symmetric
and positive definite, so that for an arbitrary vector z

zr E{(XNH _®) (XN+1 _Q)T }Z = FE{(XNH - ‘p) (XN+1 B ‘P)T}Z + _ZTE{(\P—(»D) ¥ 'G)T}Z

(where each term is real and positive), and this has its minimum at ® = v,

Consequently, the multivariate linear least-square prediction of the x,,, problem given
Xgs - Xy becomes the problem of solving matrix Equation 10 for C, where the R,__ are regarded
as known. The predicted value is

v o= - > Byl B, X,

r=0

and the mean square error is Cg} = By}, By ;[f. It should be remembered that the X process is
assumed stationary in the wide sense.

If the prediction were to be made on the basis of the entire (infinite) past, that is, on the basis
of X, where -®<m< N, then Equation 10 becomes in effect an infinite number of equations with an
infinite number of unknowns and as such is unruly. In the one-dimensional case it has been found
advantageous to employ the Fourier representations of Equations 2 and 3, in which case the mean
square error turns out to be

1 (V2
e ,:-2—_[ logF’ ()\)d)\] (11)
-1/2

where F' (A) is the (one-dimensional) spectral density function of the process (Reference 1, p. 577).
Rosenblatt (Reference 2), among others, extended the theory of prediction on an infinite past to the
multivariate case but he discovered that the prediction error does not turn out to have the simple
form of Equation 11 (where F' (M) is the matrix multivariate spectral density function) except in
rather special cases. The difficulty arises from the noncommutativity of matrices in general.

The above results for prediction based on a finite past can also be obtained through use of the
Fourier representation of Reference 2. Suppose that the spectral distribution function F(\) (an
Mx M matrix) is absolutely continuous so that there is a spectral density matrix F' (\) which we
assume to be continuous and nonsingular for all values of A. Let the spectral density matrix be taken

as

N+1 1/ Ny -1
roo - (Finen) (Harern) "

k=0 k=0



where

is nonsingular for |z| £ 1

N+1 "1
RT 7N+1-k
BT Z
%=0

Thus the "Hermitian square' of the matrix H(A) is F’ (A):

HT = F'(\)

(13)

where
N+1 -1
H(N) = B, e?7 M

k=0
Introduce this ""square root'" matrix into the Fourier representation of the X process in Equation 3

in the fashion
(14)

1/2
X, = J e27imA Ay dd(A)
-1/2

where dé is a column matrix satisfying

E{do(A)d®()T} = S(A-p) Tdhdu ;

then
1/2 /2
E{X,. X7} = J J e2mimtmA=2mink (L) B(A - ) TdA duH(p)T
-1/2 -1/2
1/2 V2
= I e21rin}\ H(?\)H()\)Td}\ = j' e2'rrin}\ F' (M) dh
-2 -1/2

which agrees with Equation 2. The justification for these manipulations (including the existence
of do(\)) is discussed by Rosenblatt (Reference 2). Now we make use of the special form we have

assumed for H(A). Define E_ by
N+1

B, Xou 3

—
FniN+1
0

k




then

—
=
=n+N+1

N+1 1/2
§ Bkj e 27O Xy dB(N)

o -1/2

-1

1/2 N+1 N+1
j e27rin>\ E Bk ezwik)x E Bk ez-rrikk d(I)(}\)

172 k=0 k=0

1/2
J e N dpon)y
-1/2

which shows that the do process represents E,,,,, just asHd® does X, (see Equations 3 and 14).
The above apparatus was set up precisely so that 5, would be orthogonal to X, for n>m and so that
{ E, }Would be an orthonormal sequence. This gives the same orthogonal projection and linear
manifold situation that was arrived at in the earlier treatment except for the greater generality
now in that we are dealing with the sequence X, X_,,, *** X,y fOr any n instead of the one se-
quence X,, X,, *** Xy,,- To show the orthogonality of 2 with X ,

1/2 1/2
J‘ eZ‘ni(n—N—l))\ d@(}\) e~ 2mimpy (H(,LL) dd)(/;))T}

dﬂﬂ:%
-1/2 -1/2

1/2 1/2
- F J J’ e2mieN-DA-2mink () AB(u)T H()T
-1/2v-1/2

1/2 1/2
) J j @27 N DA-ZTInA 5\ - 1) T A\ du H(p)T
~1/2vY-1/2

1/2
= I e27i (nmm-N-1)A HO\)“T dr
-1/2

1/2 N+1
= J e?ni(n—m—N—l)}\ ?}(’I‘ e—277ik>\ dn

-1/2 —
1 N+1 -1
=% P o OB I
k=0
0 for n-m21,
_ (BI.)' for n =
N+1 n m

10




et

The final integral, which is a contour integral around the unit circle, was obtained by making the
7. The original defining assumption on H()\) in effect said that

transformation e?"it

N+1 -1
T 7N+1-k
BTz

k=0

is analytic on and inside the unit circle. Consequently, if n-m-120, the entire integrand is analytic
on and within the contour so that the integral vanishes. On the other hand, if n = m then the factor
Z" ™1 has a simple pole at the origin and an immediate residue calculation gives the integral's

value as (B, ) !.

To show the orthonormality of = : ‘
1/2 172
E{En gm'r} = E{J e ZTi(A~N-DA da(\) f e~ 27i(m~N-1)p W}
-1/2 -1/2

/2 p1/2
= J J e27mi(n=N~1)A-2mi(m-N~1)u S(N-p) ITdhdu
~1/2v-1/2

1/2
= J eZWi(n—-m)K 1 dx
-1/2

The matrix Equation 10 is also easily derived by the Fourier method.

N1 T N+1
T = T
Rn+s—k Bk Bk Rn+s‘k
k=0 k=0
1/2 N+l -1
= J e—2ni(s+n)>\ E B? e~ 2mikA dr
-1/2 =
N+1
= E B, R_._, (by Equation 1)
k=0

N+1 1/2
Bk j e2‘ni(k—s—n)>\ F' ()\)d}\

=5 1/2
N+1 -1
= —27% }‘ ZN—s—n i B_kf ZN+1—k dz
k=0
{ for N-s-n20 ,

0
{BT -1 for N-s-n=-1.



Upon taking the conjugate transpose we obtain

N+1
T = -1 -
ntsk By Byey ss,Nﬂ_n for s SN+1-n,

k=0

which agrees with Equation 10 when n = 0.

PREDICTION ERROR MATRIX EQUATION

The determination of the mean square error matrix for linear least-square prediction of X, ,
given the values of X ), --- X, where X is a wide-sense stationary process, is equivalent to solving
matrix Equation 10 for C;},, which is the mean square error. This equation, while appearing to be
a fairly general linear equation, is actually a bit special in that the coefficient matrices R, are
subject to the relation of Equation 1. In itself this does not appear to be of much help when it comes

to a straightforward computation of C;} from the simultaneous linear set, but further conditions

on R, may aid materially. In particular, we shall show that if R, is Hermitian symmetric then the
simultaneous set breaks up into two sets, each of approximately half the order of the original set.

Let k = N+1-s in Equation 10. Then the equation is

N+1
= < <
RN+1—k—r Cr - 8k() I fOI‘ 0SSk =N+1. (15)
r=0

Written out and upon application of Equation 1 this becomes
Rur1Co T RYC TRy G+ on # R Gy PRIG YR Gy T 1
ReCo * Ry G TRy, G + o +R1CN—1+R0CN+ﬁCN+l =0

Rye1Co * Ry € * Ry 3Cp - *RoGooy *RIG * R/ Gy 7 0

R,Cp R C, *R,C, # oo *Ry 3Gy *R,G PRL Gy T 0
R C +R,C ¥ Rchz toeee +l:"1‘JT-2C1‘;—1 +RNT—1CN TRy Cyy = O

R,Co *RIC, +RIC, + =" + Ry Gy *RYG + Ry, Gy = O -

12



| If we let R represent the matrix of coefficient matrices, C the matrix of the matrix unknowns, and

J the column matrix of matrices on the right, then this system can be written as

RC = J .

Suppose the matrices R are all Hermitian symmetric. Then the matrix R takes on a good deal of

symmetry, both centrosymmetry (symmetry about the center point, i.e., the point of intersection

of the two main diagonals) and persymmetry (all elements of any one line perpendicular to the
major diagonal alike). We shall treat only the case where N is even; the case for odd values of N
can be handled similarly. Introduce the matrix D of the identity and zero submatrices:

M1 0 0 -+ 0 ﬂ
0 I 0 - 0 1 0
0 0 | SRR | 0
R A ¢ S
D S R S S R S
0 0 (I AEREEES | 0
0 0 0 - 0 I 0
| 0 0 0 -+ 0 0 1|
and
1 0+ 0 0 -1 |
0 I 0+ 0 -1 0
0 0 I.;--I-,.—I 0 0
- _ . : o I- M H :
D! = : : P .0 I- :
0 0 VORI 0
0 o0 0 - 0 1 0
0 0 0 -+ 0 1

The inverse matrix D! is to be understood in the sense that DD™! is to be
identity matrices I down the main diagonal and zero matrices elsewhere.

Now
R Ry R R, -R R R
o " s e e e
R Ry- Ry- R R, -R R, -R
_ Ry Ry R R, -R R, -R
1 N 2 N. 3 A In-2 ] in-1 in-3 ] In
Rivet R, R%N_‘ R, Ry - R, R; - R,
pTrp™! = R, *+R R +R R +R R, *R 0 0
In i in-1 i In-2 in-t ot
R, +R R +R R * +
In-1 ez -2 Tt In-3 R%N R'Ry 0 °
R, + Ry- R, +Ry_ Ry * Ry- R, *R 0 0
2 N-1 1 RN 2 0 N—3 %N—Z JZ‘N_I
Ry *R Ry *+ Ry- R, *+Ry_ R +R 0 0
1 N 0 N—1 1 N—2 %N-l %N
R, *R R, + R, +Ry_ R, *R 0 0
L o " Ryt 1t Ry 2 *Ry- v Pl

the matrix with the

Ry "Ry Ry Ry
Ry ~Ry-2 Ro ~Ry-1
Ry~ Ry-3 R “By-2
-R R -R
1. ) PR 1., 1
-2 Thum v
0 0
0 0
0 0
0 [1]
0 0

Ry = Ry+y

R, -




and

DT

CO + ch+l
C + Gy

Cl + Cl

The equation RC = J is equivalent to DTRD™*DC = D' J and in view of the three matrices just cal-
culated this is equivalent to the two equations

and

14

R, *R,
p) 2

N1 INe2
R, * Ryy
R Ry
Ry * Rya

RO + RN*I
R AR

+ R R
-2 T IN-r 0
+ R R
1 1 1
ARSI
R, * R,_ ‘R
o T Rn-3 Iy
R, + - R
1 P Ry T
2
R, * Ry R1N

C +C

Co * Cuny
¢ G

IN-2 - gNe3
+C
-1 Ine:
Cc, +C

§N 5N+1

(16a)




R Ry- R. - R -
Ryt+1 N -1 1ntt v Plen In-1 7 Rl Ry = Ry Ry "Ry Ro = Ryuy Co * Cyny 1
R Ry R R. - R - - - -
Ry N-1 N-2 1 -1 Ry Riyn R%Nﬂ Ry = Ry-2 Ry -~ Ry-1 Ry ~ Ry C Gy 0
Ry- Ry— Ry- R - - - -
N1 N-2 N-3 It Nly-a Blv-i Rines R%N Ro -3 Ry “Ry-2 Ry = Ry Ca * Cyy 0
R R R ) R, R, - R R, - R - - ; : (16b)
1 1 1. 1 R R R *
Inta In 1 o 12 -2 TNt -1 TN N Thn C%N C%Nﬂ =
C%N*l
C
Inta
, . an | Lol
The last equation can be written as =
R%N ~ R%«Nﬂ R)!-N—l - R‘}N*2 Ry = Ry Ry - Ry Ry = Ryyy C%N” Ry+p Ry - R%N” Co + Cyeg
s ™ Ry R " Buey 7 BT B Ry~ Ry, R - Ry Creia Ry Ry-q Ry C; + Gy
2
[P Bis "B 77 Ro T Ry Ry = Ryey Ry ~ Ry-y s Fu-1 Ry Ry Cp * Cyy
: : : : : s : N :
Ry - R R - R - - - . ' : ;
5 - Ry L - Ry L Rt ey Ry B " Ry | | G R Ry R, S’ Cher

where the C, +Cy,, column matrix would have been found from Equation 16a. Thus, if R is
Hermitian symmetric the original system of equations can be solved by solving successively
two systems each of which is about half the order of the original.

Naturally, if further conditions are imposed on R further results may be obtained. The next
section is devoted to quite special choices for R with a study of what can be said about ¢} in
these cases. Before proceeding to these, though, we give one other example.

Suppose R, = a_ K where K is a nonsingular Hermitian symmetric constant matrix and a is a
scalar function of n satisfying a__ = «_ in accordance with Equation 1. The fundamental Equation 15
then becomes

N+1
Onspkr KCp T 8y I for 0 Sk SN+1,
r=0
which after the substitution X_ = KC, is
N+1
Onspier By T ol for 0 Sk SN+1
r=0

Write X_in the form X_ = A _I+Y_ where A_is a scalar function of r so chosen that
N+1

O bkt >\r = 5k0 for 0k $N+1 . (17)
r=0

15



The matrix of coefficients of A is assumed nonsingular. Then we find

N+1 N+1 N+1

Z aN+1—k—r (>\r I +Yr) = I z aN+1—k-r >\r + ; a‘N+1—k—r Yr
r=0 T=0 =0
N+1
= I8t ONttkr Yr
r=0
which means that
N+1
N+
gspk-r ¥, © O
=0

and therefore Y, = 0. From this it follows that C, = A K. Let

FaNH N IN-1 T N g |
. N -1 -2 "7 G %
R G- o e |
__a.o a.l a'z T OLN ‘ O“N”_j

a centrosymmetric persymmetric determinant. Then the system of Equations 17 can be solved for
A, and Ay, has the form

Dy
I = (—1)yW!
N+1 b AN

Consequently, the mean square error is simply

A
- _ N+1
CN+11 = (_1)N+1 . K .

EXAMPLES

Phase Space Process

Regard x, as a one-dimensional continuous parameter process and denote its derivative by x, .
The x, process has the Fourier representation (Reference 1)

x, = J‘ eZAt dz(\)
-®

16




so that the formal derivative %, is given by
x, = J 2mik e 27N q7())

If we were to sample these at equal intervals we would expect these to go over to

/2
X, = J e2miin dy ()
-1/2

and

v2
x = ik e2mAD dy(\)
-v2

Thus we are led to define the two-dimensional '"phase space' process' X, as

X V2 dy(A) 1/2
X, = |:x:| = j_ eZmihn [2ni)\dy()\)] = Lﬂez"m“ dy(ny (18)

1/2

where

1
To obtain the covariance matrix of X we determine the expected value of dy dyT :

E{dvd¥"} = E{aAdyATdy} = AMTE{dydy} = P(A) £’ (N)S(A-p)dhdu |

where

- 1 -2mix
N = T = .
PV A [zm\ 472 x?]

Here f' (M) is the spectral density function for the one-dimensional x_ process. Consequently,

172 1/2
R, = E{X,, XT} = J e2mmA peXy df(\) J e2mimh gReny (19)
—v2 -2

17



that is, the spectral density function F' (») of the X, process is equal to that of the x_ process

multiplied by the matrix P(A). It is of interest to determine the counterparts of the above formulae
in the real case. As seen in the work leading to Equation 5 the one-dimensional process will be

real if dy = dy, + idy, with dy, (A) being an even function of A and dy, (A), an odd. Then, upon

letting du = 2dy, and dv = - 2dy,, we obtain, as in Equation 5,
V2
X, = 4[ (cos 2mnd) du(A) + (sin 2mnA) dv(X)
0
and
/2
X, - J = 27\ (sin 2mA) du + 27\ (cos 2mnA) dv .
0

This is representable in the two-dimensional form as

1/2
X, - J (cos 2rnA ) dU(A) + (sin 27mA) AV(A)
0
where
du
= [m dv}
and
dv
dv. = [* 2N du]'

The du and dv satisfy Equation 7,

E{du(h) du(u)} = Efdv(dydv(u)} = g’ (M) S(A-u)dhdu

1

0,

E{du(\) dv(u)} E{dv(1) du(u)}

but dU and dv as given by Equation 21 do not satisfy Equation 7. In fact,

E{dU(A)dU(Tu)} = E{dVdV(Z)} - Ag (A S(Ampydhody

E{dU(A)dV(T“)} = —E{dV(A)dU(L)} : Bg' (M) a(A-u)dhdy .

18
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where

1 0
A (0] 472 A2

and
0 - 2T
B N 0
Consequently,
V2 ri/2
R, E{Xn1+n XnT} = J‘ J' (cos 27 (m tn) )\) (cos 2mnu) E{dU dUT} + (COS 27 (m +n) }\) (sin 2my) E{dU dVT}

i (sin 27 (m +n) \) (cos 2'rn,1)E{dV <1UT} + (sin 2 (m tn) .\) (sin 2mmu) E{dV dVT}

172
J (cos 2mA) Ag’ (M) dA — (sin 2mA)Bg’ (A) dA
0

or, when written out explicitly,

—/

172 1/2
J‘ cos 2mh g’ (n) dA 27 J. Nsin 2emAh g’ (A) dA
0 0

R, ’ (22)

1/2 172
- 2on J A sin 2mA g' (X)) dA 4n? J A% cos 2mmh g’ (M) dA
0 0

Observe from Equation 22 that one general characteristic of a phase space process is that the off-
diagonal elements of the covariance matrix are negatives of each other. Also, R?! is the derivative
of R !! with respect to m and R ?* is the negative of the second derivative of R '!.

If g(\) is a step function, so that g’ (») has the form

g' (N = Zafs(xw\,),

19



then Equation 22 becomes a sum of matrices
k cos 277m}\j 27r>\j sin 277m)\j
= 2 .
Ra Zoj = 27\, sin 2mA; + 72 Ajz cos 2mmA | (23)
ij=1

It may be noted that the matrix P(A) in Equation 19 is singular and so, therefore, is F' (7).
Thus, we are not in a position to apply the outlined Fourier approach starting with Equation 12 for
prediction on a finite past for a phase space process.

Degenerate Quasi Phase Space Process

Let the covariance matrix have a value approximately that of Equation 23 with k = 1. That is,

o? cos (2mmA) + ep 1 2mAo? sin 2mmA + ep 12
R =
m - 2mho? sin 27mA + ep 2t 472 N2 o2 cos 2mmA + ep 22
= P+t oep, with o, = o7 . € << 1.

We shall show that in this case the mean square prediction error is small; it is, in fact, of the order
of €.

The demonstration makes fundamental use of the relation

Pn l:)0_1 PmT - Pn—m (24) :

which follows from a simple matrix calculation.

We use the eguation connecting the prediction error with the covariance matrix in the form

N+1

= < <
Ry+1-pr Cr L for 0£fp=N+t1. (25) ‘
r=0 §
Take the convolution of this with the resolvent kernel ¢'
8p I 7 Pyign Pyt Snt1up for 0 £n <N, 0<Sp<SN+1,
C =
np
P0—15N+1,p for n = N+1, 0SpSN+1,

20




and get

N+1 N+1 N+1
Cnp z (PN+1—p-r + EpN<l»1—p—‘r) Cr = z <:np I 5pO !
p=0 r=0 p=0
N+1 N+1
CﬂP (PN+1—p-r + €/ON+1—1>-‘1") Cr = Sn(} 1.
r=0 p=0
Now, for 0 £n £N,
N+1 N+1
= - -1
z €np Prti-p-r z (Snp I-Pu-nPo bN+1.P) Pyt1p-r
p=0 p=0
= -1
PN+1—n—r PN+1—n PO P—r
_ -1 T =
PN+1—-n—r PN+ 1-n PO Pr 0

from Equation 24. Again, for 0 sn <N,

N+1
= —_ -1 T
€ cnp ‘DN+1—p-—r E(’ON*'I--n—r 1:)N'(-l—n P0 pr ) !
p=0
whereas for n = N + 1 we obtain
N+1 N+1
= E -1 = -1pT
cN*‘l.p PN"‘I“P‘T PO SN*’l,p 1:,N+1—p—r P0 Pr ’
p=0 p=0
and
N+1
-1 T
€ Cn+1.p PN+1p-+ Py P -

p=0

Consequently, the result of taking the convolution of Equation 15 with ¢ _, is

N+1
0+ e 2 (pN+1—n~r ~Pryra Po ! prT) C, = 3,1 for 0 £n SN,
r=0
N+1 N+1 (26)
Po‘lPrTCr’reE P,1pfCc. = 0 for n = N+1 .
r=0 r=0
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The first of these equations is of the form ¢PC = J where P and J are independent of ¢ and the
second equation upon multiplication by ¢ is of the form e(f + ef‘) C = 0 with B, B independent of ¢.

If € » 0, e must remain bounded away from zero since the right-hand side of Equation 26 stays

fixed and nonzero. This implies that C} = 0(e), if Cy} exists (which will be the case for general

values of p_).

The fact that the convolution of Py,, ,_  Wwith ¢ vanishes for 0£n<N is connected with the

fact that the matrix P(\) in Equation 19 is singular.

Quasi Cosine Process

Take the covariance matrix to be

R, = cos2m\Q, + ep_ with o = pT, €<<1 , 0<A<7 ,
where Q, is a nonsingular symmetric constant matrix (i.e., independent of m). At first glance this
covariance matrix looks simpler than that of the example for the degenerate quasi phase space

process but the resolvent kernel is more involved. It is, in fact,

~
{SHP - [sin 2m (N +1 *n))x](csc 27N) Sy * [Sin277 (N-n)A](csc 27\ 5N+1,p}1 for 0 £n $N-1

b = % (esc? 2m Q1) Syp ~ (cSC 27N) (cot 277)\) Q' int1p for n = N,
\QO‘1 SniLp for n = N+1 .

The crucial computation is a bit of trigonometry showing that for 0SnsN-1

N+1
b cos2r(N+1-p-r)A = 0 . i

n

i

p=0

The result of convolving b with Equation 15 is

-
N+1 ‘
. 8.
0+te Pnttonor [sin277(N+ 1—n)>\:[(csc 27Ny Pyt [sin2ﬂ(N—n))\](csc %A)prT}Cr = 38,1
e for 0 £n SN-1,
e
< N+t N+1
(csc 27A) (sin 2mrA) C 1 € E (csc 2mA) {(csc 27A) p,_ . ~ (cos 2 w)\)prT]QO’l c. =0 for n =N,
r=0 r=0
N+1 N+1
(cos 2mrA)C +e ot QO_1 c, = 0 for n=N+1,
\r—_—O r=0 ,
22 3
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and reasoning as in the previous example leads us to the same conclusion; i.e., that here also

Cyil = 0(e).

Quasi White Noise Process

Take the covariance matrix to be
Rm = 8mO QO + €Pn with p—m = me ’ €x1,

where again Q, is a nonsingular symmetric constant matrix. This is a highly degenerate case and
fairly strong results can be obtained. The equation to be solved is

N+1

(3ntrpr0Q epN+l—p—r) C, = I, for 0 £p SN+1. 27)
0

r

If ¢ is set equal to zero it is easily verified that the solution is C, = 0, 0Sr£N, Cy,, = Q,'. Thus,
if we think of the solution C_ to Equation 27 as a function of ¢, C_ = C_(¢) , then C, (¢) = o(1),
0<r<N, and Cy,, (¢) = O(1) as e - 0. Now take the convolution of Equation 27 with the kernel

Ban—epNﬂ_nQo"l Snt1p for 0<n <N, 0<p<N+1,
e 1 =
np
Snep 1 for n=N+1, 0SpSN+1,
and obtain
N+1
[8N+1—n—r,0 Qo * 6(1 - 5r.o) Pritmn-r 0(62)] C, = 841 for 0 £n =N,
r=0
N+1
(SnOQ0+<—:,of)Cr = 0 for n = N+1 .

r=0

Observe that through the terms in <° and ¢! the first of these equations is of the same form as
Equation 27 except that the ranges of r and p have both been reduced by one. This is made even
more apparent by rewriting the equation as

N+1
.
o(e?)c, + E Brszonrio Q0 * €Ppgper F0O()] €, = 8,1 for 1SpSN+1,
r=1
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wherein the transformation n = p +1 has been made to make the ranges of r and p the same. This
suggests a reapplication of the above convolution procedure. The convolution kernel of choice now

is

8op T ™ €Pyiron U L Snunp for 1£nsN, 1SpsSN+1,
enf) =
Sptip I for n =N+1, 1£p<SN+1.
Then upon taking the convolution as before we get A
N+1
o(e?)c, + E [SM_,,_,,O Qo *e(1-8,,) Pysgner * 0(52)] c, = &I for1<n$N, .
r=1
N+1
0(e?) ¢, + E [5rloo+ep1_,+o(e2)} c, =0 for n = N+1 .
r=1
By a little manipulation the first of these can be thrown into the form
N+1
0(52) Co * 0(52)C1 * 2 [8N+3—p—r,0 Qo t €Pyt3—p-s +O(E2)} C, = 8,1 for 2 spsN+1.
r=2
We continue in this fashion and ultimately obtain ‘
N+1 ‘
0(e?) ¢, +0[e?)C, + -+ +0(e?) Cy * > [ammw_r,o Qo * €Pysnszmper +0(62)] (O TS | for p=nN+1, ‘
r=N+1
or j
i
0(e?) C, + Ofe?)cy+--- +0(e?) Cy + [Qo terg +0(€2)] Cyp = 1 ]
Now as seen earlier C_ = o(1) for0sr <N as ¢~ 0. Hence we have Jt
I
i
[Qo tepy +O(€2)] Cyy = I *ofe?),
and this may be seen to be equivalent with
Cui = Q * epg *O(<7) (28)
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Exponential Decay Process

Take the covariance matrix to be

R, = e™mqg, = v_,
where a is positive and real and Q, is a real nonsingular symmetric constant matrix. This covar-
iance matrix is of the form o K which was investigated earlier in the section entitled '""Prediction
Error Matrix Equation.” We saw in that case that solving the matrix equation for Cc! could be ac-
complished by evaluating two determinants defined on «,. However, we shall not use that result
now but instead will obtain C;} by the methods employed in the other examples. The equation to be
treated is

N+1
ealNtierlgoc, = 15 for 0 SpEN+1,
r=0
and the kernel that suffices is
Sp I = 8., 71 for 0 £n$N 0Sp SN+l
vnp -
Snrp I for n = N+1, 0fp SN+l
In fact,
N+1 N+1
E Vo e ANHIRr E (8pp I~ 84y, € 1) e7alNt1mpor for 0 Sn SN,
p=0 p=0
B e-alN*l-n-r| _ 1 e—a*a]N—n—rl
= 1 e-alNtia-o (1 _ ea|N+1—n—r|—a|N~n—r1—a)
~ 1 e-alN+1-n-1| (l—eo) for N-n-r 2 0, 0<nsN,
I e~alNti-n-s| (1 —e'za) for N-n-r<o0, 0<n¢<N
The convolved equation is therefore the diagonal system
N+1
IeaMimrl (3 —e"20) g C, = 8.1 for 0 Sn N,
r=N+1-n
N+1
Ie®™Q,C. = 0 for n=N+1.

=0
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All we need do is take n = 0, as this equation is merely
Ie° (1— e"z”) QCw ~ I

which gives

Cyy = (1-e72)q,

Quadratic Exponential Decay Process

Take the covariance matrix to be

where a is positive and real, b is pure imaginary, and Q, is a nonsingular Hermitian symmetric
constant matrix. These qualifications are imposed 10 insure that the covariance matrix fulfills
Equation 1. This example is most simply treated by applying a succession of convolutions, the

first being with the kernel

Bop T = 8oy, e 2RI for 0<n <N,

8 I for n=N+1 .
This convolution produces the system
I e @D HbEHIINTY () - em2er) o C = 6 T for 0 £n SN,

N+1
2
Ie ™™ qQ,C. = 0 for n = N+1 .

It

r=0

But the factor 1-e72?" vanishes for r = 0; so we now have a reduced system to deal with:

N+t1
2
[ e sM2P D NIZP D Q ([ -e 2r)C < 51 for 1 SpSN+1.
r=1
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This is of the same general type as the original equation and so we proceed as before, the kernel

now being

Bpp I = Bp4q,p € NI T for 1 £n <N, 1<pSN+t1,
u2 =
np
= < <
Snsrp I for n = N+1, 1$pSN+t1,
with the resulting convolved equation
N+1
I ema®2mn-D b2 (1 - e72r) (1 -e (D) C = 5T for 1 $n SN,
r=1
N+1
2
E Iema@ ™) g (1-e"27)C, = 0 for n = N+1,

r=1

which again provides us with a reduced system since 1-e72*C"1D vanishes for r = 1. We continue
in this way and ultimately obtain

N+1

2 — — - - ] .
1 e~ a(N+N+2-p=r) +b(N+N+2-p-r) Qo(l*e 2af)(1—e 2a(r 1)) (1_e 2a(r N))Cr = 8p,N+1 1 for P=N+1,

r=N+1
which gives

N+1

Cyi 7~ 1;]1: (1-e72°) Q

Note that this is independent of b.

SUBSAMPLING PREDICTION

One question of some importance in prediction theory is to what extent the prediction error is
affected if a subprocess of the given process is used instead of the original process itself. To be
specific let us compare the linear prediction error for a given multivariate wide-sense stationary
process X, X,, X,y " " Xy T Xking with the error for an equally spaced subprocess of this,

Xos Xgs Xpp5 X355 *°" Xgs1yp» the prediction in each case to be of the type X,,;, = X,z Onthe
basis of the preceding ones going back to X,. According tc the linear least squares theory the
predicted values for X_,, in the two cases are

g = - E -1
XN+1 BN+1 Br xr
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and

K

®ns 2 Bixi1ys Bsp Xop
s=0

ke

In view of the wide-sense stationarity we have ¥, s - R,z Where fis s 1s the covariance matrix of the
subprocess. The system of equations for C_, = 7@ Byg.pyp 1S then

~

Rxe1ypCo " RepCs " Rix-1)5Cop * " ¥ RoCrunyg = 1

= = ~ e Tm =
RepCo " Rk-1)8Cs ¥ Rex-298Cop ¥ °" "Ry Cxanyg = 0

@4

- ~ e tRT -
o TR Co * Rik-3)8Cop * °7" * RopCrxang

(K-2)p

C = 0.

c BTG R oo + RE
R,C, +RICz +REC,, + =+ +R (k+1)8

T
BB 28728 (K+1)8

It will be noted that this array is essentially the same as the original array with the exception that
terms corresponding to the elements cast out in the subsampling process are suppressed.

It appears that a determination of the difference in the two prediction errors Cy,} - Cqi,ys for
the general case is not feasible. In special cases certain information may be gained. For example.
Equation 28 shows that for a quasi white noise process Cy;! - Cgl,; = 0(¢?), since the terms in °
and @ involve only R o~ Also, the last two examples are simple enough that the error difference
can be obtained explicitly. In the exponential decay process R , = e"alsfl g, = e7Isl , so all we
need do is treat the subprocess the same as the original with a replaced by a8. Therefore, C.},
_E(K+1),B = (e722# - ¢722) @, and in the quadratic exponential decay process R ; = e~2B%s +bps Qo »
whence

p=1 r=1

Gt " Caips T [ﬁ (1-e72r) - ﬁ (1-e26 )] Q
DIFFERENCING OF MULTIVARIATE PROCESSES
The first-order divided difference in the multivariate case is defined as
X[sul = (s-wy1{X -X,}.
the second-order divided difference is defined by
X(tsul = (t-u)"! {X[ts] -X[sul} = (t-u)i(t-s)TM(s-w! {(s =W)Xt (u-t)X, +(t~s) Xu};(zg)
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and so on. Just as in the case of differentiation the differencing of a polynomial gives a polynomial
of lower degree. In particular, the second-order divided difference of a second-degree polynomial

(with column matrices for coefficients) is a constant (matrix), and the third-order difference is
Zero.

Suppose 2, 8,, E,, and E; are random variables with 5, and E ; orthogonal, and let X be a real
number. Then the second-order divided differences of the process

t"’E2

>
n
n
o
+
i

2 2mikt
1 t +Eae

form a wide-sense stationary process; that is,

E{X[tl +h, s, +h, u, +h]X[t, +h, s, +h, u, +h]T}
is independent of h:

E{X[tl th, s +h,u +h] x[t, +h, s, +h, u2+h]T}

i I

- = - - - 2miA(t +h 2mik(s +h ) ZrirGa Y]
= E{<ﬁ2+(t1—ul) l(tlysl)l(sl—Ul)l[(sl—ul)e ( )+(u1—t1)e )+(t1 Sl)e )} g3>

(=

+ (e, =) (e, = s,) (s, — u,) [(SZ - uz)e—2ni>\(t2+h) +(uy-t,) o 2N | (£, 55) e—zni%(u2+h)} E’f)}

and this does not involve h.

This result extends immediately. The process

)od n A
- E k E - 2min t
xt Ek t + np+k €
k=0 k=1
for any set of real numbers, A, and By, E,, -** &,,, random variables withg_, & --- 5 . ortho-

p+1? “pin
gonal has wide-sense stationary p**" order divided differences.

The algebraic polynomial part of X, represents what is commonly called the 'trend,' while the
trigonometric polynomial part is wide-sense stationary. In practice, the trend is commonly re-
moved by fitting a polynomial to the data, say by least squares, leaving as residue the wide-sense
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stationary part. As the above work shows a wide-sense stationary process can also be obtained by
forming the differences of sufficiently high order terms of the original process. Of course, the
resulting wide-sense stationary process is not the same as the one obtained from removing the
trend by curve-fitting methods. The former represents the differences of some order of the latter
(to within the error in the curve fitting).

(Manuscript received January 21, 1966)
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